Abstract. We establish a reverse inequality for Tsallis relative operator entropy involving a positive linear map. In addition, we present converse of Ando's inequality, for each parameter.
Introduction
This paper continues the study of Tsallis relative operator entropy started in [15] . Let B (H) In what follows we use the usual symbol ♯ p instead of ♮ p for the case 0 ≤ p ≤ 1. Also we use ♯ instead of ♯ 1/2 for simplicity. Here 1 H denotes the identity operator on H.
The Tsallis relative operator entropy enjoys the following property for −1 ≤ p ≤ 1 with p = 0 (see [4, Proposition 2.3 ] and [3, Theorem 3.1]):
where Φ is a unital positive linear map on B (H).
Furuta proved in [6, 
and p ∈ (0, 1]. Let Φ be a unital positive linear map on B (H). Then the following inequalities hold:
and
where
There are a few other results in this direction; see, e.g., [5, 11] . In the present paper, we give alternative bounds for Furuta's inequalities. Section 2 presents a reverse inequality of (1.1) when 0 < m1
We also present two inequalities related to Löwner-Heinz inequality. Our main idea, and technical tool, is Lemma 2.1 below. Most of the results below are rather straightforward consequences of Lemma 2.1. Section 3, a related but independent complement, gives several norm and inner product inequalities.
Main Results
The following lemma plays a crucial role in our proofs.
where α, β ∈ R. It is an evident fact that two functions g α (t) = f (t)−αt and g β (t) = βt−f (t) are monotone increasing functions, i.e.,
Letting f (x) ≡ x p with x ∈ [m, M] and 0 < p ≤ 1, a little calculation leads to
Dividing the both sides in two inequalities given in (2.4) by a p and taking t = b a
, we get
.
Setting m a
and M a again m and M respectively, we obtain the desired inequalities in (2.1). For the case of p < 0, since f (x) = x p is decreasing and we find α = pm p−1 and β = pM p−1 in the setting of g α (t) = f (t) − αt and g β (t) = βt − f (t), we get similarly (2.4) which implies (2.1).
For the case of p ≥ 1, since f (x) = x p is increasing and we find α = pm p−1 and β = pM
in the setting of g α (t) = f (t) − αt and g β (t) = βt − f (t), we get similarly
This implies the inequalities (2.2).
From the preceding result, one may derive an interesting operator inequality:
Proof. On account of the first inequality in (2.1) we infer that
and the second one gives
Combining above two inequalities with the previous inequality (1.1) for −1 ≤ p ≤ 1 with p = 0, we have the desired inequality (2.5). In the case of p ≥ 1, by (2.2) we infer that
We obtain the inequality (2.6), since we have the following relation
which can be shown by the similar way to the proof of [3, Theorem 2.2].
Using the same strategy as in the proof of [11, Corollary 2], we get the following converse of Ando's inequality Φ (A♯B) ≤ Φ (A) ♯Φ (B) (see [1] ), for each parameter.
Corollary 2.1. Let the assumptions of Theorem A be satisfied. Then we have the following inequalities.
( 
The following two examples illustrate Theorem A and Corollary 2.1 are nontrivial.
Example 2.1. We compare our result with Furuta's results. We consider 2 × 2 matrices. Take Φ (X) = 
This example shows our result is better than Furuta's ones (at least in this case). 
for 0 ≤ p ≤ 1 and mA ≤ B ≤ MA for some scalar 0 < m ≤ M. Many examples show Seo's result is better than ours. However, we can find the example such that our result is better than Seo's result in the following. We consider 2 × 2 matrices. Setting Φ (X) = 
Also we have
As an immediate consequence of Corollary 2.1, we have the following result.
Corollary 2.2. Replacing A by 1 H and B by A in Corollary 2.1, we get the following inequalities.
(
We recall the following famous inequality [8, 9] : Theorem 2.1. (Löwner-Heinz inequality) Let A, B ∈ B (H) be two positive operators. Then
It is essential to notice that Löwner-Heinz inequality does not always hold for p > 1.
Using Lemma 2.1 we get a kind of extension and reverse of the Löwner-Heinz inequality under the assumption A 1 H ≤ B (here A stands for the usual operator norm of A). For the sake of convenience, we cite a useful lemma which we will use in the below.
Lemma 2.2. Let A be a positive operator.
Proof. Since A ≤ A 1 H , M = A and A commute with 1 H , we can use directly the scalar
Then we can obtain (2.7). (2.8) can be proven by the similar way to use the inequality pm
Now we come to the announced theorem.
Theorem B. Let A, B ∈ B (H) be two positive operators such that A 1 H ≤ B.
Proof. Replacing a by A and then applying functional calculus for the operator B in the first inequality in (2.4), we get
On account of the inequality (2.7), we have
This is the same as saying
The choice M = B yields (2.9). By the same method the inequality (2.10) is obvious by (2.8).
Now, we illustrate Theorem B by the following example. (ii) for p = 4 
We compare this with the following result given in [13, Corollary 2.
Putting t ≡ 1 s , the inequality (2.11) is equivalent to the inequality
This inequality can be proven by putting
The inequality (2.11) thus implies the
More Applications of Lemma 2.1
In this section we present many hidden consequences of Lemma 2.1, several of them improving classical inequalities. Proof. We follow a similar path as in the proof of Theorem 3.3 in [12] . Due to relation (2.3), we have
So for all x ∈ H with x = 1, we have a ≤ Ax, x ⇒ f (a) − αa ≤ f (A) x, x − α Ax, x βa − f (a) ≤ β Ax, x − f (A) x, x .
With the substitution a = Bx, x this becomes
Bx, x ≤ Ax, x ⇒ f ( Bx, x ) − α Bx, x ≤ f (A) x, x − α Ax, x β Bx, x − f ( Bx, x ) ≤ β Ax, x − f (A) x, x , which is the desired conclusion.
where r (A), w (A) and A are the spectral radius, numerical radius and the usual operator norm of A, respectively. The inequalities above follow from the fact that for any A ∈ B (H), r (A) ≤ w (A) ≤ A .
The following norm inequalities are well known.
Theorem 3.2. Let A, B be two positive operators.
